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Perit = ﬁ (14)

For a density today in matter, pm,o We can define the dimensionless density parameter
0, = £mo (15)
Perit
Likewise, for other forms of matter.
Friedmann equation:
( 1 da) &G k

- = 5, _ 1
adt 3p a? (16)

where k = —1,0,1 for an open, flat. or closed FRW cosimology, respectively.
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Energy of a particle or photon with 4 momentum p as measured by an observer with
4-velocity ug, is

E= —P - Ups (17)

For a particle, p = mu.

For a photon, E = hw = hv.
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Flat Spacetime
Cartesian Coordinates
ds? = —di* + dx? + dy? + d2? = apdx®dx®
Spatial Spherical Polar Coordinates
ds® = —dr* + dr® + r2d0% + r? sin? 0dg?
Static, Weak Field Metric

L&

ds? = —(1+20(x)) di® 4+ (1 — 20 () (dx2 + dy? +dzD), (D) < 1),

Schwarzschild Geometry

Schwarzschild Coordinates

2 aM\ !

ds? = — (1 - _M) di® + (1 - _) dr? 4+ r(do? + sin? 0dg?)
r r

Eddington-Finkelstein Coordinates

2M '
ds’ = — (1 - —) dv? + 2dvdr + r*(d6? + sin® 0d¢?)
r

Kruskal-Szekeres Coordinates

32M3 .
ds? = 222 o (—dV2 + dUz) + r2(do? + sin 6do?)
r
Friedman-Robertson-Walker Cosmological Models w

I sin? closed

dst = —di® + () | dx* 4+ | 12 (d6* + sin” 8dep?) | | flat
L sinh? x|} - open
B dr? k=41, closed

ds* = —dt® + a*(1) =+ ri(de + sin29d¢2):| , k =0, flat
1=k k = —1, open

THE GEODESIC EQUATION

e Lagrangian for the Geodesic Equation of a test particle

L dx® o\ (l)dx”‘ di? /2
da A Bupt do do

whete o is an arbitrary parameter along the world line x% = x¥(0) of the geodesic.
¢ Geodesic equation for a test particle (coordinale basis)

d?x dx? dx¥ du® .

==, e o — = —I'z uf

drt Yodr dt dt ¥
where 7 is the proper time along the geodesic and u% = dx%/dt are the coordinate basis components of the
four-velocity so that u - u = —1. The Christoffel symbols I‘gy follow from Lagrange’s equations or from the

general formula (8.19). The geodesic equation for light rays takes the same form with r replaced by an affine
parameter and u - u == 0,

¢ Conserved Quantities

£ - u = constant

where £ is a Killing vector, e.g.. £ = (0, 1, 0, 0) in a coordinate basis where the metric &ap(x) is independent
of x1.




COORDINATE AND ORTHONORMAL BASES

* A set {eg) of four orthonormal basis vectors satisfies
e5(x) ‘e,é(x) = a4
o Aset {e,} of four coordinate basis vectors associated with a set of coordinates x satisfies

eq(x}- eg(x) = gaplx)

where the line element has the form ds? = Lap(X)dx®dx?.

e If the coordinate system is orthogonal (gep(x) = 0 for a # f), the coordinate basis components of an
orthonormal basis pointing along the coordinate directions have the form '

;l..r

() = [(—g00) /%,0,0,0], (ep“ =10, (21)7"2,0,01, etc. it

USEFUL NUMBERS

Conversion Factors

Velocity of light ¢ =299792458 m/s == 3 x 1019 cmy/s
Boltzmann’s constant kp =138 x 107" erg/K = 8.59 » 10~5 eV/K
Second of arc Larcsec = 17 =4.85 x 1070 rad
Light year. 1ly = 9.46 x [0 cm
Parsec Epe =3.09 x 10% em = 320 1y
Electron volt TeV=160x 1077 erg = 1.16 % 10°K
Erg {cgs unit of energy) lerg=10""7J
Dyne (cgs unit of force) ldyne= 10N

Physical Constants

Gravitational constant G =6.67 x 107" dyn - em?/g?
Stefan-Boltzmann constant a =567 x 107 erg/(cm? - s - K*)
Radiation constant a =756 x 1071 erg/(em?® - K*)
Mass of an electron me=9.11x 10" o
Mass of a proton My = L.67 x 1024 o
Planck’s constant fi=105x10"%erg s




ASTRONOMICAL CONSTANTS

Earth
Astronomical unit

(semimajor axis of Earth’s orbit)
Mass of the Earth

Equatorial radins of the Earth
Moment of inertia about rotation axis
Rotation period

Angular velocity

Sun
Mass of the Sun

Radius of the Sun

Moment of inertia about rotation axis
Rotation period at Equator

Angular velocity at Equator
Luminosity of the Sun

Moon

Radius of the Moon’s orbit {(mean)
Mass of the Moon

Radius of the Moon

Our Galaxy (The Milky Way)

Mass of the Milky Way in visible matter

Radius of the luminous Milky Way disk
Luminosity of the Milky Way

Uniiverse
Hubble Constant

Hubble Time

Hubble Distance

Critical density
Temperature of CMB today

AU = 1.50 x 10 km

=1.50 x 10 ecm

Mg =597 x 107 g

GMg/c? = 0.443 cm

Ry = 6.38 x 10% cm = 6378 km
8.04 x 10" g.cm? = 33] Mg RZ
.62 x 107 g

Qg =7.29 x 107 rad/s

Mo =199 x 10% g

GMg/c? = 1.48 km

Re =696 x 101 em = 6.96 x 10° km
57 %10 g cm?

25.5 days

2.85 % 17¢ rad/s

Lo =3.85x 10" erg/s

3.84 % 10° km
Mioon = 7.35 x 107 g=Mgp/81.3
RMUO[’I = 1.74 x 103 km

o ”J“M(_.}
220 - 25 kpe
24 x 1010

Hy 22 {72 + Dl (km/s)/Mpe]

ho= Hy/ (100 [(km/s)/Mpc]) & 7+ 1
th=Hy =978 x 10° h=! yr

dn = cHy' = 2998 h ' Mpe

pe=3H{ /871G = 188 x 1072 12 g/em?
= 273K




APPENDIX

Curvature Quantities

The following tables give useful quantities for the simplest of the geometries con-
sidered in the text. Specifically they give the metric, Christoffel symbols, Riemann
curvature, and Einstein curvature. These are enough to form the geodesic equa-
tions and the Einstein equation.

Only nonzero components are shown, aned only those nonzero components suf-
ficient to construct the rest by summetries. For instance, we don’t give both I,
and I}, since T‘g? is symmetric in 8 and y. Similarly other nonzero components
: of the Riemann curvature can be found from the ones displayed by making use of
the symmetries in (21.29).

In each case one coordinate system is used and the Christoffel symbols are
given in that coordinate basis. Both the Christoffel symbols and coordinate basis
components of the curvature quantities can be computed using the Mathematica
program Curvature and the Einstein Equation on the book website. However, cur-
vature quantities are quoted in an orthonormal basis. This gives simpler expres-
sions for highly symmetric metrics, and ones that are not singular at coordinate
singularities. Since all the metrics considered are diagonal, we use an orthonormat
basis whose vectors point along the coordinate directions. The coordinate compo-
nents of these basis vectors are easily calculated from the metric according to the
prescription in Example 7.9. Specifically,
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TR L

(eg)" = [(—g00)™'%,0, 0,0}, (diagonal )
(e =0, (1) "Y2,0,0],  cte. metrics

Components in this coordinate basis and the orthonormal basis are connected
by (20.41), which in the case of the Einstein curvature reads

Gap = (ea)” (eﬁ)ﬁ Gop
which, for these simple diagonal metrics, reduces to a simple prescription, e.g.,
Gﬁi = (—gao)*lf2 Gm(g”)*”:2 , efc. {diagonal metrics).

The analogous relation for the Riemann curvature is given in (21.25). Inverting
these relations allows the coordinate basis components (o be computed from the
orthonormal basis components given.

The Rieci curvature components and the Ricci curvature scalar can be found
from the Riemann curvature components in an orthonormal basis by

Ryg=n""Ryoss R=n""Rys
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546 Appendix B Curvature Quantities
Schwarzschild Geometry

» Metric (Schwarzschild coordinates):

oM aM\ !
ds? = — (1 - T) dr® + (1 - _) dr? + rH(do* + sin® 0 d¢?)
r

o Christoffel Symbols:

Tf, = (M/rh(i—2M/r) ! ré, =1/r

If = (M/r?)(1 - 2M/r) I, = —cosé siné

If = —M/r1 -2 /n)7! e, =1/r

Iy = —(r —2M) rf, = coté o
T = =0 —2M)sin’ 0

o An Orthonormal Basis:
(ep)” = [(1 - 2M/ry12,0,0,0]
(e} = [0, (1 - 2M/n¥2,0,0,0]
(e)* =1[0,0,1/r,0]
(e5)* =10,0,0,1/(rsin6)]

+ Riemann Curvature:

Risip = —2M /7

Riz5 = +2M/7°

Rigig = Rigy = +M/r*
Rigig = Rigeg = M1

« Einstein Curvature
G&ﬁ =0




Friedman-Robertson-Walker (FRW) Geometries

e Metric:
2 2 2 dr’ 2 2 2 2
d? == + @0 | ;T 4 (da +sin 9d¢)
—kr
¢ Christoffel Symbols:
I}, =aa/(1 —kr) ré =1/r
i T4 = rlaa ngb = —¢0sf sind
; F;M =r?sin’ 6 ag F?e =d/a
| 7, = kr/(1 — kr?) e, =1/r
e = —r(1 — kr?) rd, = cotd .
i [hs = —r(1 —kr?) sin?@ Iy =dja
I =d/a

An Orthonormal Basis:

(e;)" =f1,0,0,0]

(ep)¥ = [0, 1 — kr2,0,0]/a
(e} =10,0,1/7,0]/a

(e4)* =10,0,0,1/(r sinf)]/a

548 Appendix B Curvature Quantities

¢ Riemann Curvature:
Riviz = Rijay = Rygi = ~ii/a
Bedri = Rejig = Rizog = k + %) /a?

¢ Einstein Curvature:
G =3(k +4a?) /a2
G;.;: ES G@(; B Gc;agt; = — (k +£}2 -+ 2(1(1) /(12




